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Abstract
This study has used the Large Eddy Simulation (LES) for numerical simulation of internal or surface waves. The viscous
stratified flow over a sphere was investigated at the Reynolds and the Froude numbers Re = 2105, Fr = 1.3 for simulation of
the flow over the sphere in the presence of internal waves, and at the internal Froude number Fri = 25 for that in the presence
of surface waves. The presence of background internal waves was found to result in an increase in the turbulent viscosity in
the flow behind the sphere and in the vertical shift of the turbulent viscosity’s maximum value. Moreover, their presence in
the linearly stratified flow leads to a change in the density distribution of the near-surface layers of liquid. In this case the
internal-wave breaking and wave mixing occur. The last one is caused by the interaction between the internal waves generated
by the surface waves and the sphere.
Copyright © 2015, St. Petersburg Polytechnic University. Production and hosting by Elsevier B.V.
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Calculating stratified flow properties is one of the
problems of hydrodynamics of submerged bodies and
it currently needs a solution taking into account the
variation in the background characteristics of the flow.
Some of these characteristics may include internal and
surface waves as well as turbulence.
The interaction between the submerged bodies and
the stratified fluid was studied theoretically [1,2] as∗ Corresponding author. Tel.: +7 (812) 415-46-19;
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under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-n
(Peer review under responsibility of St. Petersburg Polytechnic University)well as experimentally [3] by many authors. A specific
feature of stratified flows is that internal waves can
propagate in them. When these collapse, turbulence is
generated, with its scale depending on the properties of
the initial internal wave [4]. Internal waves generated
by a body moving in a fluid of non-uniform density
are, in the general case, non-linear, and interact with
the turbulence in the wake of a body. The character-
istics of a non-uniformly dense flow in the wake of a
body can be calculated by large-eddy simulation that
takes into account the variability in the background
conditions of the medium and their interaction with
the turbulence in the body’s wake. This method alsoction and hosting by Elsevier B.V. This is an open access article
c-nd/4.0/).
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fraction.allows to take into account the turbulence anisotropy
characteristic for stratified flows.
An external force acting vertically in the stratified
fluid has an anisotropic effect on the flow structure.
The nature of the turbulent fluctuation spectrum of
the stratified flow is different from that of the uniform
fluid. This is why modeling the turbulent flow around
the body must significantly differ from the respective
modeling of the flow with a uniform density field. In
particular, the turbulence model must take into account
the buoyancy-caused anisotropic effects [5].
Applying modern methods of computational fluid
dynamics to studying the interaction between sub-
merged objects and viscous stratified fluid opens up
new possibilities for developing the hydrodynamics
theory of bodies on internal waves.
2. Problem setting and numerical approximation
The following spatially averaged equations are used
to describe the flow of viscous stratified fluid bounded
by a free surface:the continuity equation of the form
[6]
∂〈ui〉
∂x
= 0, (1)
the Navier–Stokes equation
∂〈ui〉
∂t
+ 〈u j 〉 ∂〈ui〉∂x j = − 1ρ ∂〈p〉∂xi
+ ∂
∂x j
ν
∂〈ui〉
∂x j
− ∂τ
SGS
i j
∂x j
+ gi + Fσ , (2)
the transport equation for the dimensionless density of
the marine medium
∂〈 f 〉
∂t
+ 〈u j 〉 ∂〈 f 〉∂x j = DS ∂
2〈 f 〉
∂x j∂x j
− ∂J
SGS
j
∂x j
(3)
and the transport equations for the volume fraction
of the marine medium, used for the volume of fluid
method, of the form
∂〈αw〉
∂t
+ 〈u j 〉 ∂〈αW 〉∂x j = 0, (4)
ρ = ρa + αW (ρl − ρa) + αW (ρh − ρl ) f ,
ν = νa + αW (νl − νa), (5)
where ui is a component of the fluid velocity vector,
p is the pressure in the flow, ν is the kinematic fluid
viscosity, DS is the diffusion coefficient, gi is a com-
ponent of the gravitational acceleration vector,
τ SGSi j = u˜iu j − u˜iu˜ jis the subgrid-stress tensor,
Fσ = −σδ(αW )kn
is the surface tension body force of stratified fluid (σ
is the surface tension coefficient; δ is the delta function
determined at the seawater–air interface; k and n are
the curvature and the normal to the interface surface),
ρa is the air density, ρl and ρh are the density values
for a light and a heavy fluid,
f = (ρ − ρl )/(ρh − ρl )
is the dimensionless seawater density; brackets 〈〉 in-
dicate averaging.
The subgrid stresses and scalar fluxes are param-
eterized using the Smagorinsky additional viscosity
models [7]
τ SGSi j = − 2νSGS
〈
Si j
〉

,
JSGSj = −
νSGS
ScSGS
∂〈 f 〉
∂x j
, (6)
where νSGS is the subgrid viscosity, ScSGS is the sub-
grid Prandtl–Schmidt number that in the general case
depends on the Richardson number (Ri).
A modified mixing-length hypothesis taking into
account the anisotropic effects due to buoyancy forces
is used to find the νSGS value:
νSGS = (CS)2|S| fS(Ri). (7)
Here СS is the Smagorinsky constant,  is the filter
width, fs(Ri) is the buoyancy function depending on
the Richardson number [8]:
fS(Ri) =
(
1 − Ri
CB
)3/2
(1 − Ri/ScSGS )−1, (8)
where CB is the constant (СВ ≈ 0.273).
Wave propagation can be simulated numerically by
imposing boundary conditions. It is at fluid interfaces
that wave energy must be generated in order to solve
the boundary value problem.
The system of Eqs. (1)–(5) should be comple-
mented by initial and boundary conditions (listed be-
low).
In the initial time, speed components are known
ui(xi, 0) = u0, (9)
as well as the pressure field
p = p0 = const (10)
(where the constant is found from the hydrostatic law
const = ρgh), the density field and the volume water
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Fig. 1. The dimensionless density distribution f in the calculation
area (vertical section); ω=1.6 rad/s; t=T; U=1.6 m/s.
Fig. 2. The dimensionless density distribution f in the presence of
background internal waves (vertical section); the sphere in the flow
is shown by a white disc; the Froude number Fr=1.3; t=2T.The no-slip condition must be satisfied on a solid
wall
ui = 0. (11)
The velocity vector must be determined for the in-
flow boundary:
u1(t ) = u1in, u2(t ) = u2in, u3(t ) = u3in. (12)
The normal velocity component must be deter-
mined for the outflow boundary to satisfy the flow
uniformity condition:
u1(t ) = u1out . (13)
In case of a non-uniform fluid, the variation laws
for the dimensionless density field and the volume
fluid fraction field are given, and the scalar flow
through the solid walls is absent, with the flow lim-
ited at the outflow boundary. If internal background
waves or surface waves are generated the dimension-
less density or the volume fluid fraction fields vary
sinusoidally at the inflow boundary.
Flow resolution near the walls when using the large
eddy method is implemented by the wall function
method. This implies that shear stresses are constant
between the first calculation point and the wall. Their
values, equal to the wall stress τw, can be calculated
from the logarithmic velocity profile by the known
mean velocity values in the first calculation point or
based on the power-law dependence [9]:
u+ =
{
y+, y+ ≤ y+0
8.3(y+)1/7 + B, y+  y+0
,
y+0 ≈ 11.8, (14)
which provides a simple mathematical expression for
u+.
Here
y+ = 
√
τW
ν
; u+ = |ur |√
τW
; B ≈ 0.52.
The speed is calculated as
|ur | =
√
u2i .
A semi-implicit projection method is used to solve
the system of differential equations. The sampling
in the spatial domain is carried out by the Petrov–
Galerkin method with a linear representation of the in-
terpolation basis. The system of linear algebraic equa-
tions is solved by the conjugate gradient method. To
increase calculation efficiency we used the distributed
computing algorithm based either on subdomain de-
composition and approximating matrix decomposition.This study compared the simulation results of vis-
cous fluid flow for several cases in order to assess the
effect of background internal waves on the wake of
a sphere and on the power characteristics. The first
of these cases dealt with calculating the characteris-
tics of a background internal wave in the absence of
a sphere in the fluid, the second one was modeling
uniform fluid flow around a sphere; the third case was
modeling the flow around a sphere in a time-constant
density field, and the fourth one was modeling the flow
around a sphere in a time-dependent density field. The
calculation parameters used for modeling are listed in
Table 1.
3. Simulation results
The interaction between the flow past a sphere and
the background internal waves: Fig. 1 shows the di-
mensionless density field distribution f in a channel
at the fluid flow rate U = 1.6 m/s at the time t = T,
where T is the internal wave period.
The analysis of the simulation results revealed that
the presence of a sphere near the pycnocline does not
cause the background internal wave to break, but does
instead transform its structure. (Fig. 2).
Based on the calculations performed and the com-
parative analysis of the flow characteristics in the wake
of the sphere, we established that the presence of back-
ground internal waves in the stratified liquid leads to
a variation in the flow structure in the wake of the
sphere.
The subgrid viscosity field with background wave
disturbances present in the fluid (Fig. 3, c) is charac-
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Table 1
The parameters used for modeling the fluid flow around a sphere in the presence of background internal waves.
Parameter Notation Measurement unit Value
Calculation area dimensions Lcd × Bcd × Hcd m 7 × 2 × 2
Fluid depth Hw m 1.5
Sphere diameter D m 0.16
Incident flow velocity U m/s 1.6
Reynolds number Re = UD
ν
Dimensionless 2 · 105
Depth Froude number Fr = U√gD Dimensionless 1.3
Distance from the sphere’s axis to the pycnocline hpD Dimensionless 0.55
Distance from the sphere’s axis to the free surface hSD Dimensionless 3.12
Top fluid layer density ρl kg/m3 1002
Bottom fluid layer density ρh kg/m3 1004
Amplitude of background internal waves А M 0.18
Wavelength λ M 40D
Pycnocline fluctuation frequency at the inflow boundary ω rad/s 1.6
Fig. 3. Field simulation results for subgrid viscosity νt (vertical
section): a is the uniform fluid; b is the stationary density profile;
c are the background internal waves; U=1.6 m/s, t=2T.terized by a variation in the height of the wake both
compared to the case of uniform fluid flowing around
the sphere (Fig. 3, a) and to the stationary density pro-
file in the presence of a sharp pycnocline (Fig. 3, b).
The difference in the spatial dimensions of the
wake for the examined cases can be attributed to
the wave–eddy interaction in the wake. In the pres-
ence of a pycnocline the height of the sphere’s wake
is bounded from above by the density-contrast iso-
surface. A density gradient over the sphere prevents
the disturbances from propagating vertically upwards.When a background internal wave propagates in the
medium, a more intense eddy transport occurs as a
result of the interaction between two eddy currents
from two different sources and the breaking of large-
scale structures formed due to viscous non-uniform
fluid flowing around the sphere. Variations in sub-
grid eddy viscosity in the horizontal plane are also
observed as a consequence of parameter variation in
the vertical plane.
Fig. 4 shows the vertical subgrid viscosity distri-
bution at a distance x = 3.5D from the center of a
sphere of diameter D. When the background condi-
tions of the density distributions change, a variation is
observed in the value and the pattern of the distribu-
tion of eddy viscosity which is a quantity characteriz-
ing the oscillatory fluid transport by eddies in the flow
past the sphere. The presence of background density
disturbances results in an increase in eddy viscosity
and a vertical shift in its maximum value.
A time history of the drag coefficient
Cd = 2Rd
ρU 2S
as a function of the Strouhal number St=Ut/D is
shown in Fig. 5.
Background internal waves lead to a variation
in the time behavior of the drag coefficient and
to low-frequency oscillations forming in accordance
with the principal mode of the wave. This type of
wave smoothes the drag coefficient maximum ob-
served for the stationary density distribution in a uni-
form medium; the mean value of the drag coeffi-
cient for a stationary density profile Cd st and with a
background internal wave Cd iw is constant: Cd st =
Cd =0.43.iw
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Table 2
The parameters used for modeling the fluid flow around the sphere in the presence of surface waves.
Parameter Notation Measurement unit Value
Distance from the axis of the sphere to the free surface hSD Dimensionless 3.1
Minimum fluid density ρmin kg/m3 1000
Maximum fluid density ρmax kg/m3 1025
Brunt–Väisälä frequency N s−1 0.4
Internal Froude number Fri = UND Dimensionless 25
Surface wave amplitude at the inflow boundary А m 0.05
Surface wave frequency at the inflow boundary ω rad/s 9
Fig. 4. The result of calculating the vertical distribution of subgrid
viscosity νt at a distance x=3.5D from the center of the sphere:
1 is the uniform fluid; 2 is the stationary density profile; 3 are the
background internal waves; t=2T.
Fig. 5. The time evolution of the drag coefficient Сd: 1 is the uni-
form fluid; 2 is the stationary density profile; 3 are the background
internal waves; Re=2·105; Fr=1.3.
Fig. 6. The simulation result for the field of dimensionless density
f in the absence (a) and in the presence (b) of the sphere. The
field boundaries of the quantity f equal to 0.05 (1), 0.10 (2), 0.20
(3), 0.30 (4), and the volume fraction quantity αW equal to 0.5 (5).
U=1.6 m/s; t=6.45 s.The evolution of stratified flow past a sphere with
surface waves: The effect of surface waves on the
characteristics of a variable-density flow past a sphere
was studied for the case of linear vertical density
distribution. The parameters used for the calculation
are listed in Table 2.
It was assumed for the calculations that wave am-
plitude was no less than the size of the cells adjacent
to the free surface. The calculation grid consisted of
3.9 million elements.
Surface waves result in the generation of internal
waves in a linearly stratified fluid (Fig. 6, а). The pres-
ence of a spherical bluff body in the flow leads to a
variation in the density field pattern past the sphere:
the oscillation amplitude of the dimensionless den-
sity (f=0.30) over the horizon of the sphere’s loca-
tion increases downstream, while the isopycnic surface
(f=0.05) breaks in the near-surface layer (Fig. 6, b).
298 I.V. Stetsyuk /St. Petersburg Polytechnical University Journal: Physics and Mathematics 1 (2015) 293–2984. Conclusion
Thus, the study we carried out established that in-
ternal wave generation occurs in a density-variable
fluid in the presence of surface waves. The density
field in the wake of a sphere leads to variations in
the density distribution in the near-surface fluid lay-
ers, namely, to internal waves breaking and mixing.
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